We investigate extinction properties of solutions for the homogeneous Dirichlet boundary value problem of the nonlocal reaction-diffusion equation u t −d∆u+ku p = Ω u q (x, t) dx with p, q ∈ (0, 1) and k, d > 0. We show that q = p is the critical extinction exponent. Moreover, the precise decay estimates of solutions before the occurrence of the extinction are derived.
Introduction and main results
This paper is devoted to the extinction properties of solutions for the following diffusion equation with nonlocal reaction u t − d∆u + ku p = Ω u q (x, t) dx, x ∈ Ω, t > 0, (1.1) subject to the initial and boundary value conditions u(x, t) = 0, x ∈ ∂Ω, t > 0, (1.2) u(x, 0) = u 0 (x), x ∈ Ω, (1.3) where p, q ∈ (0, 1), k, d > 0, Ω ⊂ R N (N > 2) is an bounded domain with smooth boundary
Extinction is the phenomenon whereby the evolution of some nontrivial initial data u 0 (x) produces a nontrivial solution u(x, t) in a time interval 0 < t < T and then u(x, t) ≡ 0 for all (x, t) ∈ Ω × [T, +∞). It is an important property of solutions for many evolution equations which have been studied extensively by many researchers. Especially, there are some papers concerning the extinction for the following semilinear parabolic equation for special cases u t − d∆u + ku p = λu q , x ∈ Ω, t > 0, (1.4) where p ∈ (0, 1) and q ∈ (0, 1]. In case λ = 0, it is well-known that solutions of problem (1.2)-(1.4) vanishes within a finite time. Evans and Knerr [9] established this for the Cauchy problem by constructing a suitable comparison function. Fukuda [10] refer the reader to [8, 11, 12, 15, 16, 22, 25] and the references therein. Recently, the present author [17] considered the extinction properties of solutions for the homogeneous Dirichlet boundary value problem of the p-Laplacian equation
But as far as we know, no work is found to deal with the extinction properties of solutions for problem (1.1)-(1.3) which contains a nonlocal reaction term.
The purpose of the present paper is to investigate the extinction properties of solutions for the nonlocal reaction-diffusion problem (1. and M = max x∈Ω ψ(x). This is quite different from that of local reaction case, in which the first eigenvalue of the Dirichlet problem plays a role in the critical case (see [8, 12, 15, 22, 25] Moreover, the precise decay estimates of solutions before the occurrence of the extinction will be derived.
We now state our main results.
Theorem 1 Assume that 0 < p < q < 1.
vanishes in finite time provided that the initial data u 0 (or |Ω|) is appropriately small or k is appropriately large.
vanishes in finite time for any initial data provided that |Ω| is appropriately small or k is appropriately large.
Moreover, one has
are positive constants to be given in the proof, α 1 > d 1 λ 1 and
Remark 1 One can see from the proof below that the restriction
in the case 3) can be extended to N > 2(q − p)/(1 − p). This has been proved in [24] for the local reaction case. 
where d 4 and k 4 are positive constants to be given in the proof. The rest of the paper is organized as follows. In Section 2, we will give some preliminary lemmas. We will prove Theorems 1-3 in Section 3-5.
Preliminary
Let · p and · 1,p denote L p (Ω) and W 1,p (Ω) norms respectively, 1 ≤ p ≤ ∞. Before proving our main results, we will give some preliminary lemmas which are of crucial importance in the proofs. We first give the following comparison principle, which can be proved as in [22, 23, 25] .
Lemma 1 Suppose that u(x, t), u(x, t) are a subsolution and a supersolution of problem (1.1)-
The following inequality problem is often used to derive extinction of solutions (see [22, 25] ).
where α > 0 is a constant and k ∈ (0, 1). Due to the nature of our problem, we would like to use the following lemmas which are of crucial importance in the proofs of decay estimates.
Lemma 2 [5] Let y(t) be a non-negative absolutely continuous function on [0, +∞) satisfying where α, β > 0 are constants and k ∈ (0, 1). Then we have decay estimate
where
Lemma 3 [15] Let 0 < k < m ≤ 1, y(t) ≥ 0 be a solution of the differential inequality
where α, β > 0, γ is a positive constant such that γ < αy
Consider the following ODE problem We first consider the case y 0 > 0. By considering the sign of y ′ (t) via y(t) at [0, y * ), we see that: if 0 < y 0 < y * , then y(t) is increasing with respect to t > 0; if y 0 > y * , then y(t) is decreasing with respect to t > 0. Therefore, solution with non-negative initial value y 0 remains positive and of course approaches y * as t → +∞.
When y 0 = 0, we choose a sufficiently small constant ε ∈ (0, y * ) and consider the following
Then problem (2.4) exists at least one non-constant solution z = z(t) satisfying z ′ (t) > 0 for all t ∈ R. We continue the proof based on the following claim: there is a time t 0 ∈ (−∞, 0), EJQTDE, 2010 No. 15, p. 5 such that z(t 0 ) = 0. By setting y(t) = z(t + t 0 ), ∀ t ≥ 0, we get that y(t) is a non-constant solution satisfying (2.3).
We now only need to prove the above mentioned claim. Indeed, if it is not true, then 0 < z(t) < ε for all t ∈ (−∞, 0). Since 0 < m < k < 1 and z ′ (t) > 0 for all t ∈ R, there is a
Integrating the above inequality on (t, t 1 ), we get
which causes a contradiction as t → −∞.
where C is a constant depending only on N, p and r.
3 The case 0 < p < q < 1: proof of Theorem 1
Multiplying (1.1) by u and integrating over Ω, we have 1 2
By Hölder inequality, we have
where s ≥ 1 to be determined later. we substitute (3.2) into (3.1) to get
.
EJQTDE, 2010
No. 15, p. 6 0 < p < 1 implies that 0 < θ 1 < 1. It follows from (3.4) and Young's inequality that 5) for ε 1 > 0 and θ 2 > 1 to be determined. We choose θ 2 =
, then 1 < θ 2 < 2 and
We substitute (3.6) into (3.3) to get 1 2
We choose ε 1 small enough such that
. Then, by Poincare's inequality, we get
, we further have 0 < θ 2 − 1 < q. By Lemma 3, there exists
(3.8)
Furthermore, there exists T 1 , such that
holds for t ∈ [T 1 , +∞). Therefore, when t ∈ [T 1 , +∞), (3.7) turns to
By Lemma 2, we can obtain the desired decay estimate for
, we still choose s = 2 in (3.3), and then θ 2 − 1 = q.
Thus, (3.7) becomes
3) For the case N > 4(q − p)/[(1 − p)(1 − q)], we back to (3.3). By lemma 5, one can get
If N > 2, one further needs p + 1 < s < 2N/(N − 2). The choice of s implies that 0 < θ 3 < 1.
It follows from (3.14) and Young's inequality that
for ε 2 > 0 to be determined later. We choose s = . 
